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Abstract

In this paper, an approximate technique is used to obtain pressure and velocity distribution in the cathode chamber of PEM fuel cells. The
technique is based on polynomial profile approximation. The technique predicts two dimensional pressure and velocity distribution in closed
form as a function of independent variables. The approximate solution developed compares reasonably with the rigorous numerical solution.
© 2005 Elsevier B.V. All rights reserved.

K

1

r
m
b
a
d
o

m
B
f
o
n
e
d
I
c
p
t
o
t

ion

on-
side
s-
a-
used
n at
n-
,
ocity
ill
for
at

tra-
own
red
y of

0
d

eywords:PEM fuel cell; Cathode chamber; Pressure and velocity distributions

. Introduction

Fuel cells are devices that convert chemical energy di-
ectly into electrical energy. Fuel cells are believed to be a
ost promising power source for a wide range of applications
y virtue of their high-energy efficiency, pollution free char-
cteristics, compactness in design and operation. In the last
ecade significant improvement has been made in the design
f PEM fuel cells.

Models for PEM fuel cells have features both com-
on and different from models for secondary batteries.
ecause of recent interest in PEM fuel cells, researchers

rom various disciplines have started using different kind
f models for PEM fuel cells according to their conve-
ience/objectives/understanding[1–15]. Recently new mod-
ls based on thermodynamics related equations have been
eveloped to predict the performance of PEM fuel cells[28].

n order to accurately predict the performance of PEM fuel
ells one has to solve different dependent variables including
ressure, concentration (or mole fraction), electrolyte poten-

ial, temperature etc[29,30]. Models varying from 1D–3D,
ne region to 3 or 5 regions have been used in the litera-

or velocity distribution accurately, only numerical solut
has been used and reported in the literature.

Most of the model equations for PEM fuel cells are n
linear. However, the pressure distribution for oxygen in
the cathode chamber (Fig. 1) can be sufficiently described u
ing the Laplace’s equation[25]. Though the governing equ
tion is linear (Laplace’s equation), researchers haven’t
analytical solution for pressure as the boundary conditio
the top (y=H in Fig. 1) has three different boundary co
ditions depending on the value forx [25,26]. In this paper
we arrive at approximate solutions for pressure and vel
distributions[32,34,35]. These approximate solutions w
be fed into the non-linear convective-diffusion equation
concentration distribution in a later publication to arrive
analytical/efficient solution for two-dimensional concen
tion profiles for oxygen inside the cathode chamber sh
in Fig. 1. The approximate model developed is compa
with a rigorous numerical solution to analyze the accurac
approximation.

1.1. Approximate models for pressure and velocity

ure [16–31]. Even for predicting two-dimensional pressure

∗ Corresponding author. Tel.: +1 931 372 3494; fax: +1 931 372 6352.
E-mail address:vsubramanian@tntech.edu (V.R. Subramanian).

distributions

The cathode chamber shown in theFig. 1 is modeled in
this paper. The following assumptions are made:
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Fig. 1. Schematic of the cathode chamber modeled.

• Water exists only in the vapor form and the effects of pore
plugging are neglected[42,43].

• The fuel cell is isothermal.
• Darcy’s law is valid.
• Fluid is incompressible.
• Temperature does not affect pressure.
• The electrode layer is assumed to be homogeneous with

uniform physical properties.
• Transport of the reactants in the electrode layer is ne-

glected.

The governing equation for the pressure is given by
Laplace’s Eq.[25](

∂2

∂x2
p(x, y)

)
+

(
∂2

∂y2
p(x, y)

)
= 0 (1)

The boundary conditions are summarized as follows,

At X = 0,
∂p

∂x
= 0 (2)

At X = L,
∂p

∂x
= 0 (3)

At the membrane (y = 0),
∂p

∂y
= 0 (0 ≤ x ≤ L) (4)

At the inlet, p = pin (y = H and 0≤ x ≤ L1) (5)

A

w e.
T

P

T en-
s

ε

where� =H/L is the aspect ratio. The dimensionless boundary
conditions are given by,

At X = 0,
∂P

∂X
= 0 0 ≤ Y ≤ 1 (10)

At X = 1,
∂P

∂X
= 0 0 ≤ Y ≤ 1 (11)

At the membrane (Y = 0),
∂P

∂Y
= 0 (0 ≤ X ≤ 1)

(12)

At the inlet P = 1

(
Y = 1 and 0≤ X ≤ L1

L

)
(13)

At the current collector
∂P

∂Y
= 0(

Y = 1 and
L1

L
≤ X ≤ L2

L

)
(14)

At the outlet P = 0

(
Y = 1 and

L2

L
≤ X ≤ 1

)
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At the current collector,
∂p

∂y
= 0

(y = H andL1 ≤ x ≤ L2) (6)

t the outlet, p = pout (y = H andL2 ≤ x ≤ L) (7)

here,pin is the inlet pressure andpout is the outlet pressur
he following dimensionless variables are introduced,

= p − pout

pin − pout
, Y = y

H
, X = x

L
(8)

he governing equation and boundary conditions in dim
ionless form are,

2
(

∂2

∂X2
P(X, Y )

)
+

(
∂2

∂Y2
P(X, Y )

)
= 0 (9)
(15)

ext, a polynomial approximation is made for pressur
ach region[11,12]. For region 1 pressure is taken as,

1(X, Y ) = a0(X) + a1(X)Y2 (16)

or region 2, P2(X, Y ) = b0(X) + b1(X)Y2 (17)

nd for region 3, P3(X, Y ) = c0(X) + c1(X)Y2 (18)

ote that the term ‘Y’ is left in Eqs. (16)–(18) to sat-
sfy the boundary condition atY= 0 (Eq. (12)). Next, the
unctionsa0(X), a1(X), b0(X), b1(X), c0(X) and c1(X) are
ound.The volume averaged equation for pressure in
rst region (P1ave(X)) is given by integrating the appro

mation equation forP1(X,Y) in y direction from 0 to
.

1

0
P1(X, Y ) dy = P1ave(X) = a0(X) + 1

3
a1(X) (19)

y applying the boundary condition atY= 1 in the first region
.e., substituting Eq.(13) in Eq.(16)we get:

0(X) + a1(X) − 1 = 0 (20)

qs.(17)and(18)are solved to get

a0(X) = 3

2
P1ave(X) − 1

2

a1(X) = −3

2
P1ave(X) + 3

2

(21)
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By substituting Eq.(21) in Eq.(16)we get,

P1(X, Y ) = 3

2
P1ave(X) − 1

2
+

(
−3

2
P1ave(X) + 3

2

)
Y2

(22)

Next, the approximation equation (Eq.(22)) is substituted in
the governing equation (Eq.(8)) and integrated inY from 0
to 1 to get

ε2
(

d2

dX2
P1ave(X)

)
− 3P1ave(X) + 3 = 0 (23)

Similarly the governing equations for volume averaged pres-
sures in regions 2 and 3 are obtained after similar steps
as:

ε2
(

d2

dX2
P2ave(X)

)
= 0 (24)

ε2
(

d2

dX2
P3ave(X)

)
− 3P3ave(X) = 0 (25)

Note that a single partial differential equation (Eq.(9)) is con-
verted to three second order ordinary differential equations
(Eqs.(23), (24), and(25)). We need six boundary conditions
t t two
b con-
d

N us at
X ity
o

A

a

S
u
(

P

P2ave(X) = 1 + 2 sinh(
√

3/4ε)
√

3X

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3

+ 1

2

sinh(
√

3/4ε)
√

3

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3

− 2 cosh(
√

3/4ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3
(33)

P3ave(X) = 2ε cosh(
√

3(1− X)/ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3
(34)

By substituting the above expressions in Eqs.(16), (17), (18)
and(22)we get

P1(X, Y ) = 1 −
[

3ε cosh(
√

3X/ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3

]

+
[

3ε cosh(
√

3X/ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3

]
Y2

(35)

P2(X, Y ) = 1 −
[

2 sin h(
√

3/4ε)
√

3

4 cosh(
√

3/4ε) + sin h(
√

3/4ε)
√

3

]
X

P

N d in
t o-
n ted
u

U

V

2

m
l
d the
o solve this system of boundary value problems. We ge
oundary conditions by volume averaging the boundary
itions atX= 0 andX= 1 (Eqs.(10)and(11)).

dP1ave

dX
= 0 atX = 0 (26)

dP3ave

dX
= 0 atX = 1 (27)

ext, the pressure and its gradient should be continuo
= (1/4) and atX= (3/4). By volume averaging the continu
f pressure and its gradient we obtain,

t X = 1
4, P1ave(X) = P2ave(X) (28)

dP1ave(X)

dX
= dP2ave(X)

dX
(29)

nd atX = 3
4, P2ave(X) = P3ave(X) (30)

dP2ave(X)

dX
= dP3ave(X)

dX
(31)

olving the governing equations (Eqs.(23), (24) and(25))
sing the six boundary conditions given in the Eqs.(26),
27), (28), (29), (30)and(31)we get,

1ave(X) = 1 − 2ε cosh(
√

3X/ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3
(32)
+1

2

sin h(
√

3/4ε)
√

3

4 cosh(
√

3/4ε) + sin h(
√

3/4ε)
√

3

− 2ε cosh(
√

3/4ε)

4 cosh(
√

3/4ε) + sin h(
√

3/4ε)
√

3
(36)

3(X, Y ) =
[

3ε cosh(
√

3(1− X)/ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3

]

−
[

3ε cosh(
√

3X/ε)

4 cosh(
√

3/4ε) + sinh(
√

3/4ε)
√

3

]
Y2

(37)

ote that a closed form solution for pressure is obtaine
erms of aspect ratioε. The dimensionless velocity comp
entsU andV in xandydirections respectively are calcula
sing the following equations

= − ∂P

∂X
(38)

= −∂P

∂Y
(39)

. Results and discussion

Parameters (L1, L2, L andε) in the model are taken fro
iterature [25] and are listed inTable 1. Fig. 2 shows the
istribution for dimensionless pressure predicted using
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Table 1
Modeling parameters in the electrode

Cathode width,L 0.18 cm
Cathode height,H 0.02 cm
Length of region 1,L1 L/4
Length of region 2,L2 L/2
Length of region 3,L3 L/4

approximate model developed. FromFig. 2we observe that
pressure varies linearly in the cathode chamber between the
current collector and the membrane.

In the following figures, rigorous numerical solution ob-
tained by solving Eq.(9)with Eqs.(10)–(14)using FEMLAB
[32] is used for comparison.

Fig. 3, shows the profiles for dimensionless pressure at
the boundaryX= 0. The approximate solution developed in
this paper is compared with a rigorous 2D numerical solution

F of a
P

F
t
n

Fig. 4. Dimensionless pressure distribution atX= 1. Dotted line corresponds
to the approximate model developed. Solid line corresponds to the rigorous
numerical solution.

obtained using FEMLAB, a finite element software[32]. Both
the curves started at 0.993 and ended at 1.

Fig. 4shows the profile for dimensionless pressure at the
boundaryX= 1. In this case also there is a minor difference
in the magnitude (around 0.001).

Fig. 5shows the profile for dimensionless pressure at the
boundaryY= 0. At this boundary cathode channel and mem-
brane come into contact. Knowledge of gas pressure at this
interface is important because, oxygen passes through cath-
ode gas channel to the cathode catalyst layer where the elec-
trochemical reaction takes place. The curves using numerical
solution and the approximate model developed matches accu-
rately excepting that there is slight bump in the curve obtained
using maple atX= 3/4, this could be because of the reason
that at the interface between second and third regions i.e., at
X= 3/4, average pressures and their differentials are equated
instead of equating pressures at values ofX.
ig. 2. Profile for dimensionless pressure distribution in the cathode

EM Fuel cell.
ig. 3. Dimensionless pressure distribution atX= 0. Dotted line corresponds
o the approximate model developed. Solid line corresponds to the rigorous
umerical solution.

F rface
( Solid
l

ig. 5. Dimensionless pressure distribution at the membrane inte
Y= 0). Dotted line corresponds to the approximate model developed.
ine corresponds to the rigorous numerical solution.
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Fig. 6. Dimensionless pressure distribution atY= 1. Dotted line corresponds
to the approximate model developed. Solid line corresponds to the rigorous
numerical solution.

Fig. 6shows the profile for dimensionless pressure at the
boundaryY= 1. Both the curves using FEMLAB and the ap-
proximate model developed matches well in this case, ex-
cepting at the interface between first and second regions i.e.,
at X= 1/4. The reason for this anomaly could be same as
mentioned in theFig. 5.

Figs. 7 and 8show the comparison of vertical components
of dimensionless velocity (V). The approximate model de-
veloped predicts the behavior reasonably well.

Fig. 9shows the comparison of profiles forX component
of dimensionless velocityU atY= 0. The approximate model
developed fails in capturing the behavior, especially at the in-
terfaces atX= 1/4 andX= 3/4. To improve the accuracy one

F
t ate
m ution.

Fig. 8. Comparison of y component of dimensionless velocity (V) distribu-
tion atX= 1 andY from 0 to 1. Dotted line corresponds to the approximate
model developed. Solid line corresponds to the rigorous numerical solution.

Fig. 9. Comparison ofx component of dimensionless velocity (U) distribu-
tion atY= 0. Dotted line corresponds to the approximate model developed.
Solid line corresponds to the rigorous numerical solution.

Fig. 10. Comparison ofxcomponent of dimensionless velocity (U) distribu-
tion atY= 0. Dotted line corresponds to the approximate model developed.
Solid line corresponds to the rigorous numerical solution. Dashed line cor-
responds to the improved approximate model.
ig. 7. Comparison ofy component of dimensionless velocity (V) distribu-
ion atX= 0 andY from 0 to 1. Dotted line corresponds to the approxim
odel developed. Solid line corresponds to the rigorous numerical sol
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can add more number of terms in the polynomial approxi-
mation (Eqs.(16) to (18)). Alternately we found that if we
define

P1ave(X) =
∫ 1

0
f (y)P1(x, y)dy

and redo the calculations, we obtain better results as shown
in Fig. 10. We are currently working on optimizing a function
f(y) which can be used to obtain

P1ave(X) =
∫ 1

0
f (y)P1(x, y)dy

we plan to publish this later.

3. Conclusions

In this paper, an approximate technique was used to obtain
closed form solution for pressure and velocity distributions
[32–41] as a function of system parameter, the aspect ratio
�. The approximate model predicts the behavior reasonably
well.

For modeling PEM fuel cells in hybrid environment one
has to simulate models for PEM fuel cells in series/parallel
combination with models for batteries and other electrical
components. This paper is our first step towards simplifying
P re
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